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ON PARTIAL SKEW GROUPOIDS RINGS
DIRCEU BAGIO, ANTONIO PAQUES, AND HE´CTOR PINEDO
Abstract. Given a partial action α of a connected groupoid G on an associative ring
A we investigate under what conditions the partial skew groupoid ring A ⋆α G can be
realized as a partial skew group ring. In such a case applications concerning to the
separability, semisimplicity and Frobenius property of the ring extension A ⊂ A ⋆α G
as well as to the artinianity of A ⋆α G are given.
1. Introduction
In this work we will consider partial actions of groupoids on rings. We are interested
in studying the structure of the corresponding partial skew groupoids rings.
Partial groupoids actions on rings were introduced in [3] and they are a natural gener-
alization of partial group actions. It is well known that every groupoid is a direct sum of
its connected component. A partial action of a groupoid on a ring A is completely deter-
mined by the partial actions of its connected components on A. Thence, we can reduce
the study of groupoid partial action on rings to the context of connected groupoids.
The structure of a connected groupoid is also well known. If G is a connected groupoid
then G ≃ G20×G(x), where G
2
0 is the coarse groupoid associated to the set G0 of the objects
of G and G(x) is the isotropy group of an object x of G.
For a partial action α of a connected groupoid G on a ring A we can construct the
partial skew groupoid ring A ⋆α G. If G0 is finite and α is unital then A ⋆α G is an
associative and unital ring which is an extension of A.
The partial skew groupoid rings have an important role in the partial Galois theory for
groupoids as it is explicit in Theorem 5.3 of [3]. They also are examples of Leavitt path
algebras, which are important in the theory of C∗-algebras (see Theorem 3.11 of [7]).
In the last years, algebraic properties to the extension A ⊂ A ⋆α G have been studied.
For example, the separability and semisimplicity properties of the extension A ⊂ A⋆α G
were studied in [4] whereas in [11] the authors investigate chain conditions between A
and A ⋆α G.
Our purpose in this work is to study the following problem. Let G be a connected
groupoid such that G0 is finite and α a unital partial action of G on a ring A. Does
the factorization G ≃ G20 ×G(x) induce a factorization of A ⋆α G? Theorem 4.1 provides
sufficient conditions for the answer to this question to be affirmative. Precisely, when α
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is a group-type partial action, we construct a groupoid action β of G20 on A and a partial
group action γ of G(x) on A ⋆β G
2
0 and we prove that A ⋆α G ≃ (A ⋆β G
2
0) ⋆γ G(x).
We organize our work as follows. The background about groupoids is presented in
Section 2. The topics of partial groupoid actions that will be used are in Section 3. In
Section 4, we construct the actions β and γ which allow us to prove the factorization of
A ⋆α G mentioned in the previous paragraph. Applications of this result concerning to
the separability, semisimplicity and Frobenius property of the extension A ⊂ A ⋆α G as
well as to the artinianity of A ⋆α G are given in Section 5.
Conventions. Throughout this work, by ring we mean an associative and not neces-
sarily unital ring. The center of a ring A will be denoted by C(A). We will denote the
cardinality of a finite set X by |X|.
2. Groupoids
We recall that a groupoid is a small category in which every morphism is an isomor-
phism. The set of the objects of a groupoid G will be denoted by G0. If g : x → y
is a morphism of G then s(g) = x and t(g) = y are called the source and the tar-
get of g respectively. We will identify any object x of G with its identity morphism,
that is, x = idx. The isotropy group associated to an object x of G is the group
G(x) = {g ∈ G : s(g) = t(g) = x}.
The composition of morphisms of a groupoid G will be denoted via concatenation.
Hence, for g, h ∈ G, there exists gh if and only if t(h) = s(g). Notice that, if g ∈ G then
s(g) = g−1g and t(g) = gg−1. Also, s(gh) = s(h) and t(gh) = t(g) for all g, h ∈ G with
t(h) = s(g).
A groupoid G is said to be connected if for any x, y ∈ G0 there exists a morphism g ∈ G
such that s(g) = x and t(g) = y, that is, the morphism g connects the objects x and
y. It is well-known that any groupoid is a disjoint union of connected subgroupoids. In
order to justify this fact, we consider the following equivalence relation on G0: for any
x, y ∈ G0, x ∼ y if and only if there exists g ∈ G such that s(g) = x and t(g) = y. Every
equivalence class X ∈ G0/∼ determines a full connected subgroupoid GX of G. The set
of objects of GX is X. The set GX(x, y) of morphisms of GX from x to y is equal to
G(x, y), for all x, y ∈ X. By construction, G is the disjoint union of the subgroupoids
GX , i. e.
(1) G = ∪˙X∈G0/∼GX .
For the convenience of the reader, we will prove a well-known result about the structure
of connected groupoids. In order to do this, we need to introduce some extra notation.
Let X be a nonempty set and X2 = X × X. Then X2 is a groupoid. The source and
target maps of X2 are, respectively, s(x, y) = x and t(x, y) = y, for all x, y ∈ X. The
rule of composition is given by: (y, z)(x, y) = (x, z), for all x, y, z ∈ X. The groupoid
X2 is called the coarse groupoid associated to X.
Proposition 2.1. Let G be a connected groupoid. Then G ≃ G20 × G(x) as groupoids.
Proof. Let x ∈ G0 a fixed object of G. For each y ∈ G0, we choose a morphism τy : x→ y
of G. We also choose τx = x. Define ϕ : G → G
2
0 × G(x) by ϕ(g) = ((s(g), t(g)), gx),
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where gx = τ
−1
t(g)gτs(g), for all g ∈ G. It is straightforward to prove that ϕ in a groupoid
morphism. Suppose that ϕ(g) is an identity of G20 × G(x). Then, ϕ(g) = ((y, y), x)
for some y ∈ G0. Hence, s(g) = t(g) = y and x = gx = τ
−1
y gτy which implies that
g = τyτ
−1
y = x. This ensures that ϕ is injective. Given an element ((y, z), h) ∈ G
2
0×G(x),
consider g = τzhτ
−1
y ∈ G. Notice that gx = h and whence ϕ(g) = ((y, z), h), that is, ϕ is
surjective, so an isomorphism of groupoids. 
3. Partial actions
In this section we recall the notion of partial actions of groupoids. Some properties
related to partial actions, that will be used later, are presented. The definition of
group-type partial groupoid actions, which has a central role for our purposes, will be
introduced.
3.1. Partial groupoid action. We recall from [3] that a partial action of a groupoid
G on a ring A is a pair α = (Ag, αg)g∈G such that
(i) Ag is an ideal of At(g) and At(g) is an ideal of A, for all g ∈ G,
(ii) αg : Ag−1 → Ag is an isomorphism of rings, for all g ∈ G,
(iii) αx = idAx , for all x ∈ G0,
(iv) αgαh ≤ αgh, for all g, h ∈ G such that t(h) = s(g).
The condition (iv) means that αgh is an extension of αgαh. Since the domain of αgαh is
α−1h (Ag−1 ∩Ah), it follows that (iv) is equivalent to
(v) α−1h (Ag−1 ∩Ah) ⊂ A(gh)−1 and αgh(a) = αgαh(a), for all a ∈ α
−1
h (Ag−1 ∩Ah).
The partial action α is said to be global if αgαh = αgh, for all g, h ∈ G such that
t(h) = s(g). Also, α is called unital if each Ag is a unital ring, i. e., there exists a central
element 1g of A such that Ag = A1g, for all g ∈ G.
Now we recall Lemma 1.1 of [3] which give us some useful properties of partial actions
that will be used in what follows.
Lemma 3.1. Let α = (Ag, αg)g∈G be a partial action of a groupoid G on a ring A. Then:
(i) α is global if and only if Ag = At(g), for all g ∈ G;
(ii) αg−1 = α
−1
g , for all g ∈ G;
(iii) αg(Ag−1 ∩Ah) = Ag ∩Agh, for all g, h ∈ G such that t(h) = s(g).
Remark 3.2. Let α = (Ag, αg)g∈G be a partial action of a groupoid G on a ringA. Notice
that α induces by restriction a partial action α(x) = (Ah, αh)h∈G(x) of the isotropy group
G(x) on the ring Ax, for each x ∈ G0.
Remark 3.3. Let G be a groupoid. Using the decomposition of G given in (1), it is
straightforward to check that partial actions of G on a ring A induce by restriction partial
actions of GX on A, for all X ∈ G0/∼. Conversely, partial actions of G on A are uniquely
determined by partial actions of GX , X ∈ G0/∼, on A . Hence, we can reduce the study
of partial groupoid actions to the connected case.
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3.2. Group-type partial groupoid action. Let G be a connected groupoid, x ∈ G0
and Sx = {h ∈ G : s(h) = x}. Consider the following equivalence relation on Sx:
g ∼x l if and only if t(g) = t(l), g, l ∈ Sx.
A transversal τ(x) = {τy : y ∈ G0} for ∼x such that τx = x will be called a transversal
for x. Hence, τy : x→ y is a chosen morphism of G, for each y ∈ G0 and τx = x.
A partial action α = (Ag, αg)g∈G of a connected groupoid G on A will be called
group-type if there exist x ∈ G0 and a transversal τ(x) = {τy : y ∈ G0} for x such that
Aτ−1y = Ax and Aτy = Ay, for all y ∈ G0.(2)
Remark 3.4. (i) Notice that the notion of group-type partial action not depend on
the choice of object x. Indeed, for another object z of G, consider τ˜y := τyτ
−1
z , for all
y ∈ G0. Clearly, τ˜ (z) = {τ˜y : y ∈ G0} is a transversal for z. From (2) follows that
ατyατ−1z = ατyτ−1z = ατ˜y . Thus, A(τ˜y)−1 = Az and Aτ˜y = Ay, for all y ∈ G0.
(ii) We use the term “group-type partial actions” since by Theorem 4.4, proved in the
next section for this kind of partial actions, the corresponding partial skew groupoid
ring is indeed a partial skew group ring.
By Lemma 3.1 (i), any global groupoid action is group-type. The converse is not true
as we can see in the next example.
Example 3.5. Let G = {g, h, l,m, l−1,m−1} be the groupoid with objects G0 = {x, y}
and the following composition rules
g2 = x, h2 = y, lg = m = hl, g ∈ G(x), h ∈ G(y) and l,m : x→ y.
The diagram bellow illustrates the structure of G:
x
l // y
h

x
g
OO
m // y
Consider A = Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4, where C denotes the complex number field,
eiej = δi,jei and e1+ . . .+e4 = 1. We define the following partial action α =
(
Ap, αp
)
p∈G
of G on A:
Ax = Ce1 ⊕ Ce2 = Al−1 , Ay = Ce3 ⊕ Ce4 = Al,
Ag = Ce1 = Ag−1 = Am−1 , Am = Ah = Ce3 = Ah−1 ,
and
αx = idAx , αy = idAy , αg : ae1 7→ ae1, αh : ae3 7→ ae3, αm : ae1 7→ ae3,
αm−1 : ae3 7→ ae1, αl : ae1 + be2 7→ ae3 + be4, αl−1 : ae3 + be4 7→ ae1 + be2,
where a denotes the complex conjugate of a, for all a ∈ C. Notice that α is a group-
type (not global) partial action. Indeed, to see this it is enough to take the transversal
τ(x) = {τx = x, τy = l} for x.
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4. The partial skew groupoid ring
In this section, we will assume that G is a connected groupoid such that G0 is finite,
x ∈ G0 is a fixed object of G and α = (Ag, αg)g∈G is a unital partial action of G on a
ring A with Ag = A1g, where 1g is a central idempotent of A, for all g ∈ G. We will also
assume that α is group-type and τ(x) = {τy : y ∈ G0} is a transversal for x such that
(2) is satisfied.
The partial skew groupoid ring A ⋆α G associated to α is the set of all formal sums∑
g∈G agδg, where ag ∈ Ag, with the usual addition and multiplication induced by the
following rule
(agδg)(ahδh) =
{
agαg(ah1g−1)δgh if s(g) = t(h),
0 otherwise,
for all g, h ∈ G, ag ∈ Ag and ah ∈ Ah. The partial skew groupoid ring A ⋆α G is
an associative ring. Since by assumption G0 is finite, A ⋆α G is unital with identity
1A⋆αG =
∑
y∈G0
1yδy (see § 3 of [1] for more details).
As it was mentioned in the introduction section of [11], the ring structure of A ⋆α G
only depends on the choice of the ideals Ay, y ∈ G0. Hence, we can choose A to be any
ring having the ideals as above described. In this sense, we will assume for the rest of
this paper that
A = ⊕y∈G0Ay.
4.1. The main theorem. In this subsection we will prove that the factorization of G,
given by Proposition 2.1, induces a factorization of A ⋆α G. Particularly, we obtain that
A⋆αG is a partial skew group ring. In order to prove this result we will use some lemmas
that will be proved in the sequel.
Lemma 4.1. The pair β = (Bu, βu)u∈G20 , where Bu = At(u) and βu = ατt(u)ατ−1s(u)
, is a
global action of G20 on A.
Proof. For any identity e = (y, y) of G20 we have that Be = Ay and βe = ατyατ−1y is the
identity map of Aτy = Ay. Also, if u = (y, z) and v = (r, y) are elements in G
2
0 then
uv = (r, z) and βuβv = ατzατ−1y ατyατ−1r = ατzατ−1r = βuv. 
Thanks to Lemma 4.1 we can consider the skew groupoid ring C := A ⋆β G
2
0 . In the
sequel we will see that the group G(x) acts partially on C. Let z ∈ G0. Since α is
group-type, it follows from (2) that Aτ−1z = Ax. Then, for all h ∈ G(x), Ah ⊂ Ax and
Cz,h := ατz (Ah),(3)
is well-defined. Hence, we can set
Ch := ⊕u∈G20Ct(u),hδu.(4)
Lemma 4.2. Ch is a unital ideal of C, for all h ∈ G(x). Moreover, Cx = C.
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Proof. Note that
C = ⊕u∈G20Buδu
= ⊕u∈G20At(u)δu
(2)
= ⊕u∈G20Aτt(u)δu
= ⊕u∈G20ατt(u)(Aτ−1t(u)
)δu
(2)
= ⊕u∈G20ατt(u)(Ax)δu
(3)
= ⊕u∈G20Ct(u),xδu
(4)
= Cx.
Observe also that 1′h =
∑
z∈G0
ατz (1h)δ(z,z) is the identity element of Ch, for all h ∈ G(x).
Indeed, let u = (y,w) ∈ G20 and a ∈ Ct(u),hδu = Cw,hδu. By (3), there exists ah ∈ Ah
such that a = ατw(ah)δ(y,w) and consequently
a1′h =
∑
z∈G0
ατw(ah)δ(y,w)ατz (1h)δ(z,z)
= ατw(ah)δ(y,w)ατy(1h)δ(y,y)
= ατw(ah)β(y,w)(ατy (1h))δ(y,w)
= ατw(ah)ατwατ−1y ατy(1h)δ(y,w) (see Lemma 4.1))
= ατw(ah)ατw(1h)δ(y,w)
= ατw(ah)δ(y,w)
= a.
Similarly, 1′ha = a. Hence 1
′
h is a central idempotent of C. A straightforward calculation
shows that Ch = 1
′
hC. Thus, Ch is an ideal of C. 
Let (z, h) ∈ G0 × G(x). We define γz,h : Cz,h−1 → Cz,h, ατz(a) 7→ ατz(αh(a)), for all
a ∈ Ah−1 . Clearly θz,h is a bijection. Moreover, these maps induce the following bijective
map
γh : Ch−1 → Ch, γh(ατt(u)(a)δu) = γt(u),h(a)δu, for all a ∈ Ah−1 and u ∈ G
2
0 .
Lemma 4.3. The pair γ = (Ch, γh)h∈G(x) is a unital partial action of G(x) on C.
Proof. By definition, γx is the identity map of Cx = C. Note that γh preserves the
operation of multiplication. In fact, for all a, b ∈ Ah−1 ,
γh((ατz (a)δ(y,z))(ατy (b)δ(w,y))) = γh(ατz (a)α
∗
(y,z)(ατy(b))δ(w,z))
= γh(ατz (a)ατz (ατ−1y (ατy (b)))δ(w,z))
= γh(ατz (ab)δ(w,z))
= ατz (αh(ab))δ(w,z)
= ατz (αh(a))ατz (αh(b))δ(w,z).
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On the other hand,
γh(ατz (a)δ(y,z))γh(ατy(b)δ(w,y)) = ατz(αh(a))δ(y,z)ατy(αh(b))δ(w,y)
= ατz(αh(a))ατz (ατ−1y (ατy(αh(b))))δ(w,z)
= ατz(αh(a))ατz (αh(b))δ(w,z).
Hence, γh is a ring isomorphism. It remains to show that γ satisfies the condition (v)
given in § 3.1.
Firstly, note that γl−1(Cl ∩ Ch−1) ⊂ C(hl)−1 , for all h, l ∈ G(x). Indeed, by definition,
γl−1 is additive and whence
γl−1(Cl ∩ Ch−1) = ⊕u∈G20γl−1(ατt(u)(Al ∩Ah−1)δu)
= ⊕u∈G20ατt(u)(αl−1(Al ∩Ah−1))δu
⊂ ⊕u∈G20ατt(u)(Al−1 ∩Al−1h−1)δu
= C(hl)−1 ,
where the last inclusion above holds because α(x) is a partial action of G(x) on Ax as
defined in Remark 3.2. Finally, let c = ατz(αl−1(a))δ(y,z) ∈ γl−1(Cl ∩ Ch−1). Then
γh(γl(c)) = γh(γl(ατz(αl−1(a))δ(y,z)))
= γh(ατz (a)δ(y,z))
= ατz (αh(a))δ(y,z).
On the other hand, since αhl = αhαl in αl−1(Al ∩Ah−1) we have
γhl(c) = ατz(αhl(αl−1(a)))δ(y,z) = ατz(αh(a))δ(y,z),
and consequently γ satisfies (v) of § 3.1. 
By Lemma 4.3 we can consider the partial skew group ring (A⋆β G
2
0) ⋆γ G(x) and thus
present the main result of this section which give us a factorization of the ring A ⋆α G.
Theorem 4.4. A ⋆α G ≃ (A ⋆β G
2
0) ⋆γ G(x).
Proof. Consider the map ϕ : A ⋆α G → (A ⋆β G
2
0) ⋆γ G(x) given by aδg 7→ aδ(s(g),t(g))δgx ,
where gx = τ
−1
t(g)gτs(g). In order to prove that ϕ is a ring isomorphism we proceed by a
series of steps.
Step 1: ϕ is well defined.
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By Lemma 4.1, Ag ⊆ At(g) = B(s(g),t(g)), for all g ∈ G. Hence, we only need to show that
aδ(s(g),t(g)) ∈ Cgx, for all a ∈ Ag. Notice that
ατt(g)(Agx) = ατt(g)(Aτ−1
t(g)
gτs(g)
)
= ατt(g)(Aτ−1
t(g)
gτs(g)
∩Ax)
= Agτs(g) ∩Aτt(g)x (by Lemma 3.1 (iii))
= Agτs(g) ∩Aτt(g)
(2)
= Agτs(g) ∩At(g)
= Agτs(g) (Agτs(g) ⊆ At(gτs(g)) = At(g)).
Since Ag−1 = Ag−1 ∩As(g)
(2)
= Ag−1 ∩Aτs(g) we have Ag = αg(Ag−1 ∩Aτs(g)) = Ag∩Agτs(g) .
Hence a ∈ Ag ⊆ Agτs(g) = ατt(g)(Agx) which implies aδ(s(g),t(g)) ∈ Cgx by (3) and (4).
Step 2: ϕ is a ring homomorphism.
It is enough to prove that ϕ preserves the operation of multiplication. Let g, h ∈ G such
that s(g) = t(h). It is easy to see that (gh)x = gxhx. Hence
ϕ((aδg)(bδh)) = ϕ(aαg(b1g−1)δgh)
= aαg(b1g−1)δ(s(gh),t(gh))δ(gh)x
= aαg(b1g−1)δ(s(h),t(g))δgxhx,
for all a ∈ Ag and b ∈ Ah. On the other hand
ϕ(aδg)ϕ(bδh) = (aδ(s(g),t(g))δgx)(bδ(s(h),t(h))δhx)
= (aδ(s(g),t(g)))(γgx(bδ(s(h),t(h))1
′
g−1x
))δgxhx .
As in Step 1, we have that Ah ⊆ Ahτs(h) = ατt(h)(Ahx). Since b ∈ Ah, there is b
′ ∈ Ahx
such that b = ατt(h)(b
′) and
bδ(s(h),t(h))1
′
g−1x
= ατt(h)(b
′)δ(s(h),t(h))
∑
z∈G0
ατz (1g−1x )δ(z,z)
= ατt(h)(b
′)δ(s(h),t(h))ατs(h)(1g−1x )δ(s(h),s(h))
= ατt(h)(b
′)ατt(h)(1g−1x )δ(s(h),t(h))
= ατt(h)(b
′1g−1x )δ(s(h),t(h)).
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Hence,
ϕ(aδg)ϕ(bδh) = (aδ(s(g),t(g)))(γgx(bδ(s(h),t(h))1
′
g−1x
))δgxhx
= (aδ(s(g),t(g)))(γgx(ατt(h)(b
′1g−1x )δ(s(h),t(h))))δgxhx
= (aδ(s(g),t(g)))(ατt(h)(αgx(b
′1g−1x ))δ(s(h),t(h)))δgxhx
= aατt(g)ατ−1
s(g)
ατt(h)αgx(b
′1g−1x )δ(s(h),t(g))δgxhx
= aατt(g)αgx(b
′1g−1x )δ(s(h),t(g))δgxhx
(2)
= aατt(g)(αgx(b
′1g−1x )1τ−1t(g)
)δ(s(h),t(g))δgxhx
= aατt(g)gx(b
′1(τt(g)gx)−1)1τt(g)δ(s(h),t(g))δgxhx (by (v) of § 3.1)
= aαgτs(g)(b
′1(gτs(g))−1)1τt(g)δ(s(h),t(g))δgxhx
(2)
= aαgτs(g)(b
′1(gτs(g))−1)1gδ(s(h),t(g))δgxhx
= aαg(ατs(g)(b
′1τ−1
s(g)
)1g−1)δ(s(h),t(g))δgxhx (by (v) of § 3.1)
(2)
= aαg(ατt(h)(b
′)1g−1)δ(s(h),t(g))δgxhx
= aαg(b1g−1)δ(s(h),t(g))δgxhx
= ϕ((aδg)(bδh)).
Step 3: ϕ is injective.
Let v =
∑
g∈G agδg ∈ A ⋆α G such that ϕ(v) = 0. Then
0 =
∑
g∈G
agδ(s(g),t(g))δgx =
∑
h∈G(x)
∑
g∈G
gx=h
agδ(s(g),t(g))δh
Since C ⋆θ G(x) is a direct sum, it follows that
∑
g∈G
gx=h
agδ(s(g),t(g)) = 0, for all h ∈ G(x).(5)
Consider h ∈ G(x) and g, g′ ∈ G such that gx = g
′
x = h. It is straightforward to check
that (s(g), t(g)) = (s(g′), t(g′)) if and only if g = g′. Therefore (5) holds if and only if
ag = 0, for all g ∈ G. Thus v = 0.
Step 4: ϕ is surjective.
It is enough to check that given any element of the type ατz(a)δ(y,z)δh, with h ∈ G(x)
and a ∈ Ah, there exists an element w ∈ A ⋆α G such that ϕ(w) = ατz(a)δ(y,z)δh. To do
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that observe that
ατz(a) ∈ ατz (Ah) = ατz (Ah ∩Ax)
(2)
= ατz (Ah ∩Aτ−1z )
= Aτzh ∩Aτz (by Lemma 3.1 (iii))
(2)
= Aτzh ∩Az
= Aτzh (because Aτzh ⊆ At(τzh) = At(τz) = Az).
Therefore, for g = τzhτ
−1
y we have t(g) = t(τz) = z, s(g) = s(τ
−1
y ) = y and
ατz (a) ∈ Aτzh = Aτt(g)h
(∗)
= ατt(g)(Ah)
(∗∗)
⊆ ατt(g)(Ahτ−1
s(g)
)
(∗)
= Aτt(g)hτ−1s(g)
= Aτzhτ−1y = Ag,
where (∗) is ensured by
ατt(g)(Ah) = ατt(g)(Ah ∩Ax)
(2)
= ατt(g)(Ah ∩Aτ−1
s(g)
) = Aτt(g)h,
and (∗∗) by
Ah = αh(Ah−1 ∩Ax)
(2)
= αh(Ah−1 ∩Aτ−1
s(g)
) = Ah ∩Ahτ−1
s(g)
⊆ Ahτ−1
s(g)
.
Now, taking w = ατz(a)δg we are done. 
Remark 4.5. Since global actions are group-type actions, the factorization given in
Theorem 4.4 holds for all unital global action α of G on A. In such a case, the partial
group action γ of G(x) on Ax is indeed a global action and consequently A⋆α G is a skew
group ring.
5. Applications
The aim of this section is to present some applications of Theorem 4.4. In what follows,
G is connected and G0 is finite. The partial action α, the ring A and the transversal τ(x)
are assumed as in the previous section. Also, β is the global action of G20 on A given in
Lemma 4.1 and γ is the partial action of G(x) on A ⋆β G
2
0 given in Lemma 4.3.
Note that ϕ : A→ A⋆αG, a 7→
∑
y∈G0
(a1y)δy, is a monomorphism of rings and whence
A⋆αG is a ring extension of A. By Theorem 4.4, A ⊂ A⋆βG
2
0 ⊂ (A⋆βG
2
0)⋆γG(x) ≃ A⋆αG.
Therefore, we will investigate some properties of the extension A ⊂ A ⋆α G using the
intermediate extensions and the results known for partial group actions.
5.1. Separability. In this subsection we will study the separability property to the ring
extension A ⊂ A⋆α G. We recall that a unital ring extension R ⊂ S is called separable if
the multiplication map m : S⊗R S → S is a splitting epimorphism of S-bimodules. This
is equivalent to saying that there exists an element x ∈ S⊗R S such that sx = xs, for all
s ∈ S, and m(x) = 1S . Such a element x is usually called an idempotent of separability
of S over R.
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Throughout this subsection, we will assume that G is finite. As in [4], consider the
maps ty,z : A→ A and tz : A→ A given by
ty,z(a) =
∑
g∈G(y,z)
αg(a1g−1), tz(a) =
∑
y∈G0
ty,z(a), y, z ∈ G0, a ∈ A.
Particularly, if G is a group then G0 = {x} and tx : A → A is the trace map for partial
group actions as defined in Section 2 of [6].
Now, we recall Theorem 4.1 of [4] which will be useful for our purposes.
Theorem 5.1. The ring extension A ⊂ A ⋆α G is separable if and only if there is an
element a in the center C(A) of A such that tz(a) = 1z, for all z ∈ G0. 
In order to apply Theorem 4.4 to determine when the extension A ⊂ A⋆αG is separable,
we consider the separability problem for the extensions A ⊂ A ⋆β G
2
0 and A ⋆β G
2
0 ⊂
(A ⋆β G
2
0) ⋆γ G(x).
Lemma 5.2. The extension A ⊂ A⋆β G
2
0 is separable if and only if there exists a ∈ C(A)
such that
∑
z∈G0
ατ−1z (a1z) = 1x.
Proof. Let z ∈ G0 and a ∈ A. Then
tz(a) =
∑
y∈G0
ty,z(a) =
∑
y∈G0
∑
u∈G20 (y,z)
βu(a1u−1)
=
∑
y∈G0
β(y,z)(a1y) =
∑
y∈G0
ατzατ−1y (a1y)
= ατz(
∑
y∈G0
ατ−1y (a1y)).
Consequently tz(a) = 1z if and only if
∑
y∈G0
ατ−1y (a1y) = 1x and the result follows by
Theorem 5.1. 
Lemma 5.3. C(A ⋆β G
2
0) =
{∑
z∈G0
ατz (ax)δ(z,z) : ax ∈ C(Ax)
}
.
Proof. Let ax ∈ C(Ax) and Λ =
∑
z∈G0
ατz(ax)δ(z,z). Given (y,w) ∈ G
2
0 and aw ∈ Aw we
have that
awδ(y,w) · Λ = awδ(y,w) · ατy(ax)δ(y,y) = awατw(ax)δ(y,w)
and
Λ · awδ(y,w) = ατw(ax)δ(w,w) · awδ(y,w) = ατw(ax)awδ(y,w).
Since ax ∈ C(Ax) and ατw is an isomorphism it is clear that ατw(ax) ∈ C(Aw). Thus,
Λ ∈ C(A ⋆β G
2
0). Conversely, consider Λ =
∑
y,z∈G0
a(y,z)δ(y,z) ∈ C(A ⋆β G
2
0), with
a(y,z) ∈ A(y,z) = Az, for all y ∈ G0. From Λ · 1wδ(w,w) = 1wδ(w,w) · Λ, it follows that∑
z∈G0
a(w,z)δ(w,z) =
∑
y∈G0
a(y,w)δ(y,w), for all w ∈ G0.
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Hence a(y,z) = 0 if y 6= z and whence Λ =
∑
z∈G0
a(z,z)δ(z,z). Moreover, for all y,w ∈ G0
and a ∈ Aw,
Λ · aδ(y,w) = a(w,w)aδ(y,w) and aδ(y,w) · Λ = aατw(ατ−1y (a(y,y)))δ(y,w).
Therefore
a(w,w)a = aατw(ατ−1y (a(y,y))), for all y,w ∈ G0, a ∈ Aw.(6)
When a = 1w we obtain that a(w,w) = ατw(ατ−1y (a(y,y))), for all y,w ∈ G0. Particularly,
a(w,w) = ατw(a(x,x)) for all w ∈ G0. Given b ∈ Ax, consider a := ατw(b) ∈ Aw. By (6),
ατw(a(x,x)b) = ατw(ba(x,x)). Thus a(x,x)b = ba(x,x) and consequently a(x,x) ∈ C(Ax). 
Lemma 5.4. The extension A ⋆β G
2
0 ⊂ (A ⋆β G
2
0) ⋆γ G(x) is separable if and only if the
extension Ax ⊂ Ax ⋆α(x) G(x) is separable.
Proof. Let Λ ∈ C(A ⋆β G
2
0). By Lemma 5.3, Λ =
∑
z∈G0
ατz(ax)δ(z,z), with ax ∈ C(Ax).
Notice that
tx(Λ) =
∑
h∈G(x)
γh(
∑
z∈G0
ατz (ax)δ(z,z) ·
∑
w∈G0
ατw(1h−1)δ(w,w))
=
∑
h∈G(x)
∑
z∈G0
γh(ατz (ax)δ(z,z) · ατz (1h−1)δ(z,z))
=
∑
h∈G(x)
∑
z∈G0
γh(ατz (ax1h−1)δ(z,z))
=
∑
h∈G(x)
∑
z∈G0
ατz (αh(ax1h−1))δ(z,z)
=
∑
z∈G0
ατz(
∑
h∈G(x)
αh(ax1h−1))δ(z,z)
=
∑
z∈G0
ατz(tx(ax))δ(z,z).
Hence, there is Λ ∈ C(A⋆β G
2
0) such that tx(Λ) = 1 =
∑
z∈G0
1zδ(z,z) if and only if there
is ax ∈ C(Ax) such that tx(ax) = 1x. it Then the result follows from Theorem 5.1 and
Theorem 3.1 of [2]. 
Theorem 5.5. The following statements hold:
(i) if Ax ⊂ Ax ⋆α(x) G(x) is a separable extension and there exists a ∈ C(A) such
that
∑
z∈G0
ατ−1z (a1z) = 1x then A ⊂ A ⋆α G is a separable extension;
(ii) if A ⊂ A ⋆α G is a separable extension then Ax ⊂ Ax ⋆α(x) G(x) also is.
Proof. (i) By Lemmas 5.2 and 5.4, A ⊂ A ⋆β G
2
0 and A ⋆β G
2
0 ⊂ (A ⋆β G
2
0) ⋆γ G(x) are
separable extensions. By the transitivity of the separability property (see Proposition
2.5 of [8]), A ⊂ (A ⋆β G
2
0) ⋆γ G(x) is separable. Thus the result follows from Theorem
4.4.
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(ii) From Theorem 4.4 and Proposition 2.5 of [8] it follows that A ⋆β G
2
0 ⊂ (A ⋆β G
2
0) ⋆γ
G(x) is a separable extension. Hence, Lemma 5.4 implies that Ax ⊂ Ax ⋆α(x) G(x) is
separable. 
Corollary 5.6. Suppose that |G0|1A is invertible in A and (|G0|1A)
−1 = n1A, with n ∈ N.
If Ax ⊂ Ax ⋆α(x) G(x) is separable then A ⊂ A ⋆α G is separable.
Proof. Let a = n1A ∈ C(A). Then∑
z∈G0
ατ−1z (a1z) =
∑
z∈G0
ατ−1z (n1z) = n
∑
z∈G0
ατ−1z (1z)
= n|G0|1x = 1x,
and whence the result follows by Theorem 5.5 (1). 
Example 5.7. Let G, A, α and τ(x) be as in Example 3.5. Consider ax =
1
2e1+e2 ∈ Ax.
Observe that tx(ax) = αx(ax) + αg(ax1g−1) = ax +
1
2e1 = e1 + e2 = 1x. It follows from
Theorem 3.1 of [2] that Ax ⊂ Ax ⋆α(x) G(x) is a separable extension. Moreover, if
a = 12(e1 + e2 + e3 + e4) ∈ A then
ατ−1x (a1x) + ατ−1y (a1y) = αx(a1x) + αl−1(a1l) = e1 + e2 = 1x.
By Theorem 5.5 (1), the extension A ⊂ A ⋆α G is separable.
5.2. Semisimple extension. In this subsection we investigate the semisimplicity for
the ring extension A ⊂ A ⋆α G. Recall from [8] that a ring extension R ⊂ S is called
left (right) semisimple if any left (right) S-submodule N of a left (right) S-module M
having an R-complement in M , has an S-complement in M .
For the convenience of the reader, we recall Proposition 2.6 of [8].
Proposition 5.8. If R ⊂ S is a separable ring extension then R ⊂ S is a left (right)
semisimple ring extension. 
Theorem 5.9. If G is finite and
(i) there exists ax ∈ C(Ax) such that tx(ax) = 1x and
(ii) there exists a ∈ C(A) such that
∑
z∈G0
ατ−1z (a1z) = 1x,
then A ⊂ A ⋆α G is a left (right) semisimple extension.
Proof. Using (i), we obtain from Theorem 3.1 of [2] that Ax ⊂ Ax ⋆α(x) G(x) is separable.
Then, by Theorem 5.5 (i) the extension A ⊂ A⋆α G is separable and so the result follows
by Proposition 5.8. 
5.3. Frobenius extension. In this subsection we will prove that A ⊂ A ⋆α G is a
Frobenius extension. We recall that a ring extension R ⊂ S is called Frobenius if there
exist an element ∆ =
∑n
i=1 si1 ⊗ si2 ∈ S ⊗R S and an R-bimodule map ε : S → R such
that ∆s = s∆, for all s ∈ S, and
∑n
i=1 ε(si1)si2 =
∑n
i=1 si1ε(si2) = 1. More details on
Frobenius extensions can be seen, for example, in [5] or [9].
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Firstly, we note that the natural inclusion A ⊂ A⋆βG
2
0 , given by a 7→
∑
z∈G0
(a1z)δ(z,z),
induces the following (A,A)-bimodule structure on A ⋆β G
2
0 :
a · (azδ(y,z)) = aazδ(y,z), (azδ(y,z)) · a = azβ(y,z)(a1y)δ(y,z),
for all (y, z) ∈ G20 , az ∈ Az and a ∈ A.
Theorem 5.10. If G is finite then A ⊂ A ⋆α G is a Frobenius extension.
Proof. Let ∆ =
∑
z∈G0
1zδ(z,z) ⊗ 1zδ(z,z) ∈ (A ⋆β G
2
0) ⊗A (A ⋆β G
2
0) and ε : A ⋆β G
2
0 → A
given by
ε(azδ(y,z)) =
{
az, if y = z
0, otherwise.
It is straightforward to check that ε is an (A,A)-bimodule map. Also, note that
(awδ(y,w))∆ = awδ(y,w) = ∆(awδ(y,w)),
for all (y,w) ∈ G20 and aw ∈ Aw. Since∑
z∈G0
ε(1zδ(z,z))(1zδ(z,z)) =
∑
z∈G0
1zδ(z,z)ε(1zδ(z,z)) =
∑
z∈G0
1zδ(z,z) = 1A⋆βG20 ,
it follows that A ⊂ A ⋆β G
2
0 is a Frobenius extension. Notice that G(x) is finite because
G is finite. Then, by Theorem 3.6 of [2], A ⋆β G
2
0 ⊂ (A ⋆β G
2
0) ⋆γ G(x) is a Frobenius
extension. As Frobenius extension is a transitive notion (see e. g. [9, pg. 6]), we obtain
from Theorem 4.4 that A ⊂ A ⋆α G is Frobenius. 
5.4. Artinianity. The artinian property for partial skew groupoids rings was studied in
[11]. In our context, using Theorem 4.4, we obtain the following refinement of Theorem
1.3 of [11].
Theorem 5.11. The partial skew groupoid ring A ⋆α G is artinian if and only if A is
artinian and Ah = {0}, for all but finitely many h ∈ G(x).
Proof. Assume that A⋆αG is artinian. By Theorem 1.3 of [11], A is artinian and Ag = {0}
for all but finitely many g ∈ G. Particularly, Ah = {0} for all but finitely many h ∈ G(x).
For the converse, consider h ∈ G(x). By (3) and (4), Ch 6= {0} if and only if there
is z ∈ G0 such that ατz (Ah) 6= {0}. Consequently, Ch = {0}, for all but finitely many
h ∈ G(x). Also, since G20 is finite and A is artinian it follows from Theorem 1.3 of
[11] that A ⋆β G
2
0 is artinian. Using again the Theorem 1.3 of [11], we conclude that
(A ⋆β G
2
0) ⋆γ G(x) is artinian and the result follows by Theorem 4.4. 
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